We present generic formulae for computing how Sommerfeld corrections together with bound-state formation affect the thermal abundance of Dark Matter with non-abelian gauge interactions. We consider DM as a fermion 3plet (wino) or 5plet under SU(2) L . In the latter case bound states raise the DM mass required to reproduce the cosmological DM abundance to 14 TeV and give new indirect detection signals such as (for this mass) a dominant γ-line around 85 GeV. Furthermore, we consider DM co-annihilating with a colored particle, such as a squark or a gluino, finding that bound state effects are especially relevant in the latter case.
Introduction
The hypothesis that Dark Matter (DM) is a thermal relic of a weakly interacting particle allows to use the cosmological DM abundance Ω DM h 2 = 0.119 ± 0.002 [1] to derive information on the DM mass. The latter gets fixed in theories with no extra free parameters such as Minimal Dark Matter [2] and, even allowing for extra production mechanisms, one obtains interesting constraints. Thus it is crucial to compute thermal freeze-out abundance accurately. For this purpose we will study non-relativistic scatterings among particles with mass M charged under a gauge group G with gauge coupling g and mediated by vectors V with mass M V . Those get significantly suppressed or enhanced by Coulomb-like forces if M V < αM , where α = g 2 /4π. The relevance of this Sommerfeld effect for annihilations of Dark Matter particles has been recognised long time ago [3] [4] [5] : σv roughly grows as v max /v in the range v min < v < v max where v max ≈ g 2 /4 and v min ≈ M V /M (or smaller if one bound state happens to have zero energy). Thereby, the Sommerfeld effect is relevant at temperatures T < ∼ α 2 M . Recent literature [6] [7] [8] [9] [10] (see [11] for earlier work) recognised that a second related phenomenon is important too: formation of bound states B of two Dark Matter particles with binding energy of order α 2 M , through processes analogous to the formation of hydrogen at recombination. The two DM particles within the bound state annihilate with rate Γ ann ∼ α 5 M . This effect has been considered only more recently, possibly for the following reason. Naively one expects that at T > ∼ α 2 M scatterings with the thermal plasma rapidly break the bound states before they can annihilate, such that bound state formation would be irrelevant at the temperature T ≈ M/25 of Dark Matter decoupling (unless α is very large). The above argument misses a feature of non-relativistic interactions: the rate Γ break for breaking the bound state is suppressed by α 5 at T < ∼ αM , when particles V in the thermal plasma have a wave-length smaller than the size a 0 ∼ 1/αM of the bound state. The thermal rate for breaking the bound state, Γ break , can then be comparable to Γ ann . Moreover, at low enough velocities, the crosssection for bound states formation is parametrically comparable to the Sommerfeld-corrected annihilation cross-section.
So far, bound-state effects have mostly been considered in models of Dark Matter charged under a speculative abelian extra 'dark force', see [12] and references therein. We study how bound state formation affects annihilations of DM particles with SM gauge interactions, α ∼ α 1,2 , as well as co-annihilations with colored particles, α ∼ α 3 . We will find that bound state formation indeed gives significant effects.
The paper is structured as follows. In section 2 we show how the system of Boltzmann equations for DM freeze-out can be reduced to a single equation with an effective annihilation cross section that takes into account Sommerfeld corrections and bound state formation. In section 3 we review how the Sommerfeld correction can be computed for non-abelian gauge interactions, and how the effect of non-zero vector masses can be approximated analytically. In section 4 we summarise the basic formulae for bound state formation, showing how the effects of non-abelian gauge interactions can be encoded into Clebsh-Gordon-like factors, and how the main effect of massive vectors is kinematical. In section 5 we provide formulae which describe the main properties of the bound states, such as annihilation rates and decay rates. All these quantities are needed at finite temperature: in section 6 we discuss the issue of thermal corrections, showing that breaking of gauge interactions lead to the loss of quantum coherence. Finally, in section 7 we perform concrete computations in interesting models of Dark Matter charged under SU(2) L (a wino triplet, a quintuplet) and of co-annihilation with particles charged under SU(3) c (squarks and gluinos). We find that bound state effects can be sizeable, as summarized in the conclusion, section 8.
Setup of the computation
We assume that DM χ i lies in the representation R (if real) or R ⊕ R (if R is complex) of a gauge group G with gauge coupling g. We define α = g 2 /4π and g χ as the number of degrees of freedom of the DM system. In practice we will consider the following cases:
1. DM is the neutral component of a triplet under electroweak SU(2) L with zero hypercharge e.g. a supersymmetric wino. Then g χ = 6.
2. DM is the neutral component of a quintuplet under electroweak SU(2) L with zero hypercharge. Then g χ = 10.
3. DM is a singlet that co-annihilates with squarks, that form a 3 under color SU(3) c .
4. DM is a singlet that co-annihilates with gluinos, that form a 8 under color SU(3) c .
We want to compute the DM freeze-out that happens around T ∼ M χ /25 and below, when various non-relativistic effects give non-perturbative corrections: the Sommerfeld enhancement and formation of bound states of two DM particles. This is done by solving cosmological Boltzmann equations, that contain the various particle-physics that we will compute in the next sections.
Boltzmann equations
We show how the system of Boltzmann equations for the DM number density n DM and for the number density n I of the various bound states can be reduced to a single equation for the DM density with an effective DM annihilation cross section. We define an index I that identifies each DM bound state, and that collectively denotes its various quantum numbers: angular momentum, spin, gauge group representation, etc. The Boltzmann equation for the total DM density is
where Y DM = n DM /s, s is the entropy density, z = M χ /T . We define as n eq and Y eq the value that each n or Y would have in thermal equilibrium, and γ is the space-time density of interactions in thermal equilibrium, connected to cross sections as summarized in [13] . The first term describes DM DM annihilations to SM particles; the extra term describes formation of bound state I.
We next need the Boltzmann equation for the number density of bound state I, n I (t): .
The first term accounts for formation from DM DM annihilations and breaking: Γ Ibreak is the thermal average of the breaking rate of bound state I due to its collisions with the plasma. The second term contains Γ Iann , which is the thermal average of the decay rate of the bound state I into SM particles, due to annihilation of its DM components. The third term describes decays to lower bound states J or from higher states J, as well as the inverse excitation processes. They are both accounted in a single term if we define Γ J→I = −Γ I→J . For decays, the thermal average of the Lorentz dilatation factor of a particle with total mass M gives Γ = ΓK 1 (M/T )/K 2 (M/T ), which equals to the decay width at rest Γ in the nonrelativistic limit T M . The thermal rate for breaking has a different dependence on T . In the models we consider at least some decay or annihilation rates is much faster than the Hubble rate, Γ H. Therefore, the left-handed side of eq. (2) can be neglected, and the system of differential equations reduces to a system of linear equations that determine the various n I /n eq I . This can be shown formally by rewriting eq. (2) for n I (t) into an equivalent Boltzmann equation
Inserting the values of n I or Y I into eq. (1), it becomes one differential equation for the DM abundance with an effective cross section
For example, in the case of a single bound state I = 1 one finds
Namely, the rate of DM DM annihilations into the bound state gets multiplied by its branching ratio into SM particles. 1 The breaking rate Γ Ibreak is related to the space-time density formation rate γ I by the Milne relation
It is derived taking into account that 2 DM particles disappear whenever a DM-DM bound state forms, such that Y DM + Y I /2 is conserved by this process, and by comparing eq. (3) with eq. (1).
1 In the case of two bound states 1 and 2 one finds
where
Next, the space-time densities γ for DM-DM process can be written in the usual way in terms of the cross sections σv rel , averaged over all DM components.
2 In the non-relativistic limit one has 2γ
The cosmological DM abundance is approximatively reproduced if σ eff v rel equals to the value in eq. (16) . More precisely, the Boltzmann equation for the DM abundance can be written in the final form
where S is the tempeature-dependent correction due to higher order effects (Sommerfeld enhancement, bound-state formation, . . . ) with respect to a reference cross section σ 0 computed at tree level in s-wave
where g SM is the number of degrees of freedom in thermal equilibrium at
GeV. In the non-relativistic limit the Milne relation becomes
where E B I > 0 is the binding energy of the bound state under consideration, g I is the number of its degrees of freedom, and σ I v rel is the thermal average of the cross section for bound-state formation (computed in section 4). The branching ratio in eq. (5) approaches 1 at small enough temperature. For a single bound state one has the explicit result
with the freeze out epoch z = z f given by
This approximations is accurate when, as in the situation under study, there are extra annihilations at later times, as encoded in the factor S. The relic DM density is
As well known, assuming that the effective (co)annihilation cross section averaged over all DM components is approximatively constant, thermal freeze-out reproduces the observed cosmological DM abundance when it equals
at T ≈ M χ /25. Here v rel 1 is the DM velocity in the center-of-mass frame. In the next sections we describe how σv rel can be computed.
3 Sommerfeld enhancement
DM annihilation at tree level
The tree-level (co)annihilation cross section of DM particles into SM particles can be readily computed. We consider two main class of models. In both cases we assume that the DM mass is much heavier than all SM particles. A posteriori, this will be consistent with the DM cosmological abundance.
First, we assume that DM is the neutral component of a fermionic n-plet of SU(2) L with hypercharge Y = 0 and mass M χ . The s-wave annihilation cross section into SM vectors, fermions and Higgses is [4] 
where g χ = 2n is the number of degrees of freedom of the DM multiplet. The p-wave contribution is suppressed by an extra v 2 rel factor. Similar formulae apply for fermions with Y = 0 and for a degenerate scalar multiplet [4] . Related interesting models have been proposed along similar lines [15] .
Next, we consider co-annihilations of a DM particle χ with g χ degrees of freedom with a colored state χ in the representation R of SU(3) c and mass M χ = M χ + ∆M . In supersymmetric models χ can be a neutralino and χ can be the gluino or a squark. Assuming that co-annihilations are dominant one has an effective cross-section [16] 
Assuming that χ lies in the representation R of color SU(3) c one has the s-wave cross sections [16] 
where we summed over all SM quarks and d 3 = 3,
The number of degrees of freedom of χ is g χ = 6 for a scalar triplet, 8 for a scalar octet, 12 for a fermion triplet, 16 for a fermion octet.
As discussed in the next sections, all these tree-level cross sections get significantly affected by Sommerfeld corrections and by bound-state formation due to SM gauge interactions.
Sommerfeld corrections
We consider an arbitrary gauge group with a common vector mass M V . Non-abelian interactions among particles in the representations R and R give rise to the non-relativistic potential
which is a matrix, if written in R, R components. As long as the group is unbroken, its algebra allows to decompose the processes into effectively abelian sub-sectors, R ⊗ R = J J, as
In each sub-sector one gets an effective abelian-like potential described by a numerical constant λ J .
such that α eff > 0 and λ J > 0 for an attractive channel J.
We specialise to the two classes of models considered in section 3.1. Isospin SU(2) L is broken, and gets restored by thermal effects at T > ∼ 155 GeV, where degenerate vector thermal masses M V respect the group decomposition. The Casimir of the SU(2) L irreducible representations with dimension n is C n = (n 2 − 1)/4. A two-body state decomposes as n ⊗ n = 1 ⊕ 3 ⊕ . . . ⊕ 2n − 1. The potential is V = (I 2 + 1 − 2n 2 )α 2 /8r within the two-body sector with isospin I. The most attractive channel is the singlet I = 1: V = −2α 2 /r for n = 3 (α eff = 0.066), V = −6α 2 /r for n = 5 (α eff = 0.2).
Color is unbroken. The Casimirs C R of SU(3) irreducible representations have been listed above, such that the singlet state has V = −4α 3 /3r if made of 3 ⊗ 3 (α eff = 0.13) and V = −3α 3 /r if made of 8 ⊗ 8 (α eff = 0.3).
The Sommerfeld correction can be computed from the distortion of the wave function of the initial state. In the center of mass frame of the incoming two 2 fermions, the stationary Schroedinger equation is
As usual we can decompose the wave function in states of given orbital angular momentum
where Y m are spherical harmonics and the radial wave function u (r) satisfies
The Schroedinger equation admits discrete solutions with negative energy and continuum solutions with E = M χ v 2 rel /4 equal to the kinetic energy of the two DM particles in the center-ofmass frame, where each DM particle has velocity β, such that their relative velocity is v rel = 2β. For identical particles, one must only consider a wave function (anti)symmetric under their exchange.
The deflection of the initial wave function from a plane wave leads to the Sommerfeld enhancement. For s-wave annihilation, 3 the Sommerfeld factor that enhances the tree-level cross section can be computed as S = |u(∞)/u(0)| 2 where u has outgoing boundary condition u (∞)/u(∞) iM χ v rel /2. For the potential of eq. (22) and s-wave scattering one gets
In the case of a massive vector, an analytic solution is obtained approximating the Yukawa potential with a Hulthen potential e
This potential approximates the Yukawa behaviour best if κ is chosen as κ ≈ 1.74. The Sommerfeld factor that enhances an s-wave cross section is [18] 
This expression reduces to the Coulomb result of eq. (26) in the limit of vanishing vector mass M V . S is resonantly enhanced when M χ = κn 2 M V /α eff for integer n, which corresponds to a zero-energy bound state, as discussed in section 4. S depends only on α eff /v rel and on y ≡ κM V /M χ α eff ; its thermal average S depends only on α eff √ z and y, where z = M χ /T . At small velocities, v rel M V /M χ as relevant for indirect detection, the formula above reduces to
producing a significant enhancement if α eff M χ /M V > ∼ 1. [7] . The binding energies in a Yukawa potential can be exactly computed at first order in M V by expanding
The relative correction becomes of order unity for M V ∼ α eff M χ where the Coulomb approximation is unreliable. The shift in energy is equal for ground state and excited levels so that the Coulomb approximation fails earlier for the latter ones. Fig. 1 shows numerical results for the binding energies, obtained by computing the matrix elements of the Yukawa potential in the basis of eq. (105) and diagonalising the resulting matrix in each sector with given , see also [19, 9] . Analytic expressions for the binding energies are obtained by approximating the Yukawa potential with the Hulthen potential of eq. (27) Figure 2 : Diagrams relevant for bound state formation. The first two diagrams give the first two terms of eq. (36). The third diagrams, which is peculiar of non-abelian interactions, gives rise to the last term.
κ is an arbitrary order one constant. For states with = 0 one has
which reproduces eq. (30) at leading order in M V for κ = 2. The bound state exists only when the term in the squared parenthesis is positive, namely for M χ ≥ κn 2 M V /α eff . Fig. 1 shows that setting κ ≈ 1.90 better reproduces the generic situation, while κ ≈ 1.74 better reproduces the critical value at which the special n = 1 bound state first forms. Bound states with angular momentum > 0 have different energy from the corresponding state with = 0 only if the Yukawa potential deviates significantly from its Coulomb limit, namely if the second term in the parenthesis is of order one. Analytic solutions are only available making extra simplifications. A comparison with numerical results suggests a relatively minor correction of the form
The wave functions for free and bound states, in a Coulomb or Hulthen potential, will be needed later and are listed in the appendix.
Bound state formation
We are interested in the formation of bound states through the emission of a vector V a :
In the non-relativistic limit, we write the 4-momenta as
V where M V is the vector mass. In the center-of-mass frame p 2 = − p 1 and the momentum of each DM particle is p = M χ v rel /2. Conservation of energy reads
where fig. 2 contribute to the amplitude. In the non-relativistic limit the first two diagrams describe the usual dipole approximation, which gives a cross section for bound state formation proportional to α 5 , times a sizeable Sommerfeld correction. The third diagram is only present when the gauge interaction is non-abelian and was considered in [9] in the DM context. We generalise their formulae to general non-abelian gauge theories, including the regime where the initial velocity is not negligible as required for computing the thermal relic abundance. The diagrams of fig. 2 generate the non-relativistic Hamiltonian [20] 
where T and T are the generators in the representation of particles 1 and 2 respectively; the indexes a, b, c run over the vectors in the adjoint, and the indexes i, j, i , j over DM components.
In Born approximation we get the following cross section for the formation of a bound state with quantum numbers n m: σ n m
For massive gauge bosons the polarization vectors satisfy
The transition amplitude A µ , computed from the matrix element of the interaction Hamiltonian, satisfies K µ A µ = 0 because of current conservation. Therefore the unpolarized cross section can be rewritten in terms of the spatial terms as
In the dipole approximation, 4 that will be used throughout, the spatial part of the transition matrix in the center-of-mass frame is
The dipole approximation is valid if the wave-length of the photon is larger than the size of the bound state. As discussed in [21] the most relevant bound states are approximately Coulomb-like so that the binding energy is α where we have defined the overlap integrals between the initial state wave function φ p ,ij ( r) and the wave function ψ n m,i j ( r) of the desired bound-state:
The dipole approximation imposes the selection rule ∆L = 1. Since in the non-relativistic limit spin is also conserved this implies that s-wave bound states can only be produced from two DM particles in an initial p-wave state. Furthermore, p-wave bound states can be produced from s and d-waves. With this in mind we get the following overlap integrals for the production of bound states in s-wave configuration:
For production of bound states in a p-wave configuration starting from an s-wave one we get
The amplitudes for producing a p-wave bound state starting from a d-wave configuration are
Plugging these amplitudes in eq. (40), performing the angular integral, averaging over initial states and summing over final states we get the cross sections for the formation of s-wave bound states:
where (σ 
If DM are scalars, the wave function is symmetric under exchange of identical scalars. Real 
Group algebra
Assuming that the global group G is unbroken (such that vectors are either massless or have a common mass), group algebra allows to simplify the above formulae. We assume that DM is a particle χ i in the representation R of G, labeled by an index i, and we focus on χ i χ j bound states so that T a = −T a * . Both the initial state and each bound state can be decomposed into irreducible representations of G, times the remaining spin and spatial part. So the two-body DM states χ i χ j fill the representations J contained in R ⊗ R = J J. Each representation J is labeled by an index M . The change of basis is described the the coefficients CG where the group-theory part has been factored out in the coefficients
that holds separately for each initial channel J and final channel J . In many cases of interest the two tensors are proportional to each other. The overlap integrals J , T are the same of eq. (42), but now containing only the spatial part of the wave functions. With these notations the cross sections of eq. (45) and (46), in a given channel
In the special case 1 → adj (namely, the initial state is a gauge singlet, such that the bound state is an adjoint) the group theory factors are proportional to each other,
, so that the inclusive cross-section remains a perfect square:
The + sign corresponds to the opposite adj → 1 process. The same simplification holds for any SU(2) L representation, because in the product of two SU(2) L representations each irreducible representation appears only once. The relevant SU(2) L group factors are listed in table 1. Furthermore, the simplification also holds for the SU(3) c representations that we will encounter later, and the relevant group SU(3) c factors are listed in table 2.
Massless vectors
The overlap integrals in the spatial part of the amplitudes for bound state formation can be analytically computed if vectors are massless. The initial states are assumed to be asymptotically plane-waves with momentum p, distorted by the potential in channel J where α eff = λ i α with λ i = λ J given by eq. (22) . The initial state wave function in a Coulomb-like potential is given in eq. (112).
The final states are assumed to be bound states in channel J in a Coulomb potential with α eff = λ f α and λ f = λ J . We use a basis of eigenstates of angular momentum, parameterized by the usual , m indeces. The bound state wave functions are given in eq. (105), and are analytic continuations of the free-state wave functions.
Plugging these wave functions into the overlap integrals we get the cross section for the production of the various bound states. We are interested in the cross-section averaged over initial states and summed over final gauge bosons and bound states components. For the lowest lying bound state with n = 1, = 0 and spin S we get
For the bound states with n = 2 and = {0, 1} we get
In the last equation we have separated the contribution of the s-wave and d-wave initial state. These formulas apply both for Dirac and Majorana particles, and in all cases relevant for us the sums can be performed as summarized in tables 1 and 2.
In the limit λ i = 0 where the Sommerfeld correction is ignored, the cross section for producing a bound state with = 0 is of order α 2 /M 2 χ times a (v rel /α eff ) 2 suppression at v rel α eff as expected for production from a p−wave; the cross section for producing a bound state with = 1 does not have this suppression for C T = 0.
The formulae above simplify in the limit of large and small velocities. For the ground state one finds 
Approximate formulae for massive vectors
The cross sections for producing bound states in a Yukawa potential can be obtained by computing numerically the wave functions (or using the wave functions in Hulthen approximation, listed in the appendix), and by computing numerically the overlap integrals. As this is somehow cumbersome, we discuss how massless formulae can be readapted, with minor modifications, to take into account the main effects of vector masses. We start considering the case where the vectors have a common mass M V and the group theory structure is identical to the massless case.
The initial state wave function remains approximately Coulombian as long as M V M χ v rel . Physically, this means that the range of the force 1/M V is much larger than the de Broglie wavelength of Dark Matter λ −1 = M χ v rel . One indeed can check that in this limit the Sommerfeld factor in eq. (28) is well approximated by its Coulombian limit M V = 0. At finite temperature T ∼ M χ v 2 rel , so that the Coulombian approximation holds for temperatures T M 2 V /M χ which can be much lower than M V . When this condition is violated, the modification of the shape of the potential leads to a scaling of the cross section with velocity as v 2 rel , where is the angular momentum of the initial state wave function. Thus, for the 1s bound state, which is created from a p wave state, the scaling is v 2 rel . Therefore, the cross section is velocity suppressed and small after thermal average at late times. On the other hand p-wave bound states which are formed from an s-wave initial state approach a constant value.
Next, we consider bound states. Eq. (31) shows that bound states are well approximated by the Coulombian
This condition can be alternatively obtained from the analogous condition for free states by replacing v rel → α eff , since this is the typical velocity in a bound state. In the limit of small M V α eff M χ all binding energies undergo a small common shift −α eff M V as discussed around eq. (30).
In summary for T M 2 V /M χ the main effect of vector masses is the kinematical suppression of the cross section for bound-state formation, which blocks the process if M V is bigger than the total accessible energy. This effect is approximately captured by
where K µ = (ω, k) is the massive vector quadri-momentum as in eq. (34) . The parenthesis take into account the emission of the third polarization of a massive vector. The bound state formation gets suppressed or blocked when ω becomes of order M V . In our applications we will need the cross sections below the critical temperature at which SU(2) L gets broken. In this case the masses are not degenerate: one has M W ≈ M Z and M γ = 0. It becomes important to include emission of photons and eq. (55) becomes
where the first term takes into account the emission of the W and Z bosons while the last term corresponds to the photon emission. One extra effect is that the charged components of the DM electroweak multiplet get split from the neutral component and become unstable. In the cases of interest discussed later, the resulting decay width negligibly affects the cosmological relic DM density.
Annihilations of DM in bound states, and their decays
The two DM particles bound in a potential V = −α eff e −M V r /r can annihilate to SM particles, such that the bound state decays. We will refer to this process as 'annihilation' rather than 'decay'. Analogously to quarkonium in QCD, the rate is
This is typically much faster than the Hubble rate
Nevertheless breaking of bound states in the thermal plasma can have a rate Γ break (T ) which is as fast as Γ ann at the freeze-out temperature. So we need to compute the annihilation rates in order to obtain the branching ratios in eq. (5). We assume that DM is heavy enough that we can ignore the masses of SM particles produced in annihilations of DM bound states. The group-theory factors are analogous to the one encountered in section 3.2 when computing Sommerfeld-enhanced DM annihilations to SM particles. As already discussed, the DM-DM bound states χ i χ j fill the representations J contained in R ⊗ R = J J, and the bound state B M in representation J with index M is given by CG M ij χ i χ j .
Annihilations of spin 0 bound states with = 0
We assume that the gauge group is unbroken and that DM is much heavier than SM particles. The annihilation rate of a spin-0 bound state B 
where T a R is the generator in the DM representation R, and R n (r) is the radial wave function of the bound state normalized as ∞ 0 |R n (r)| 2 r 2 dr = 1; F = 1(2) for distinguishable (identical) DM particles. For Majorana particles the amplitude is 1/2 the one of Dirac particles while the wave function at the origin is √ 2 so that the total rate is 1/2 the one of Dirac particles. In general R ⊗ R always contains the singlet and the adjoint representation, so we evaluate explicitly the group-theory factors that determine the annihilation rates of these specific bound states.
• For a gauge-singlet bound state one has CG ij = δ ij / √ d R such that its annihilation rate is
where TrT
• For a bound state B a in the adjoint representation of G one finds
. This is zero if G = SU (2) . Indeed the triplet bound state for SU(2) has spin-1 and cannot decay into massless vectors.
The annihilation rate into scalars is given by one half of the above expression.
The previous formulas hold for a generic Yukawa potential. In the Coulomb limit the wave functions can be explicitly evaluated, obtaining
Approximating the Yukawa potential with the Hulthen potential one finds
Annihilations of spin 1 bound states
In view of the Landau-Yang theorem, spin-1 bound states cannot annihilate into V V . They can annihilate into pairs of SM fermions and scalars (or equivalently longitudinal gauge bosons). For fermions
where T a SM are the gauge generators of the considered SM fermion. The rate is different from zero only for bound state in the adjoint representation (CG
Summing over the components of f we get
that should be multiplied by the multiplicity of final states: the SM contains 3(3 + 1) fermionic SU(2) L doublets. If DM has hypercharge, the annihilation rate receives the extra contribution
Spin-1 singlet resonances can also decay into three vectors, but with a suppressed rate
Annihilations of bound states with > 0
The annihilation rate of bound states with orbital angular momentum > 0 is suppressed by higher powers of α. For example spin-1 bound states annihilate into vectors as
where in the massless limit the derivative of the wave function at the origin contains the suppression factor
Annihilations of spin-0 bound states with = 1 into fermions and scalars are similarly suppressed. A greater suppression applies to bound states with > 1. We will not need to compute these suppressed annihilation rates because states with > 0 undergo faster decays into lower bound states, as discussed in the next section.
Decays of bound states
We next consider decays of a DM bound state into another lighter bound state. This is analogous to decays of excited state of the hydrogen atom.
5
The decay rate of a 2s state into the corresponding 1s state is suppressed, and negligible with respect to its annihilation rate.
The decay rate of a 2p state into the corresponding 1s state is unsuppressed, and dominant with respect to its annihilation rate. The formula for the decay rate is related to the crosssection for bound state formation [9] : the only difference is that the initial state is not a free state, but a bound states with wave functions normalized to 1. Explicitly
If G = SU(2) L and at temperatures below the scale of electroweak symmetry breaking the released binding energy is usually not enough to emit a massive SU(2) L vector W or Z, and only the photon can be emitted.
having assumed that the bound state is well approximated by its Coulombian limit.
Thermal effects
So far we allowed for generic vectors mass. The motivation is that all vectors acquire nonrelativistic 'thermal masses' in the early universe at finite temperature. In the non-relativistic limit we are interested in electric potentials, and the relevant masses are the Debye masses, given by
This means that an attractive potential with α eff = λα supports bound states with quantum number n = 1, 2, . . . if Figure 3 : DM mass splitting (blue) and weak angle (black) at finite temperature.
Furthermore, the W ± and the Z acquire mass from the electro-weak symmetry breaking. Combining SU(2) L -breaking masses with thermal masses gives a thermal mixing between γ and Z. At finite temperature the SU(2) L -breaking Higgs vev v decreases until SU(2) L is restored via a cross-over at T > T cr ≈ 155 GeV. This effect can be roughly approximated as
In reality, thermal corrections are a much more subtle issue. We need to reconsider if/how the above naive approach applies at finite temperature.
Sommerfeld enhancement at finite temperature
Evolution of the DM states is affected by the presence of the thermal plasma. At leading order in the couplings to a plasma one gets refraction (in the case of the thermal plasma, this corresponds to thermal masses). At second order one gets interactions with rates Γ which exchange energy and other quantum numbers with the plasma, and break quantum coherence among different DM components. Thereby DM forms an open quantum system, which is not described by a wave function, but by a density matrix ρ. Its evolution equation has the forṁ
where L are Lindblad operators that describe the various interactions Γ L [22] . A gauge interaction with the plasma typically gives
Let us discuss breaking of quantum coherencies in the cases of interest.
In the SU(3) c case, the Lindblad operators are proportional to the unit matrix in each 2-body sub-system with given quantum numbers. Thereby coherencies within each sector with given total color is preserved, while contributions from different sectors to the total cross section must be summed incoherently.
In the SU(2) L case, its breaking leads to loss of coherence within the components of a given representation. For example, if DM is a SU(2) L triplet with components χ 0 and χ ± , a χ 0 χ 0 state can become χ 0 χ + by interacting with soft W ± vectors in the plasma. From the point of view of exactly conserved quantum numbers, such as electric charge, these are different sectors. Thereby one has something intermediate between exact SU(2) L (full coherence within each sector with given weak representation) and badly broken SU(2) L (coherence only between state with same electric charges). An effect of this type is induced by the mass splitting among χ 0 and χ ± , which randomises their relative phase. In a static situation this is equivalent to loss of quantum coherence [24] .
So we compute the thermal contribution to the mass splitting between different components of SU(2) L multiplets, which was neglected in previous studies. A fermion with mass M χ M V , T receives the following thermal correction to its mass, at leading order in g:
This correction is suppressed by M χ and can be neglected for our cases of interest. A correction not suppressed by M χ arises at higher order in g [25, 26] , and can be taken into account as follows.
In the limit M χ M V the one-loop quantum correction to the mass of a charged particle, as computed from Feynman diagrams, reduces to the classical Coulomb energy U stored in the electric fields. For a single vector A µ it is
After summing over all SM vectors, the mass difference between two DM components i and j with electric charges Q i and Q j in a generic Minimal Dark Matter model is [4] 
The higher order thermal contribution is obtained by simply replacing M γ , M Z , M W and s W with their thermal expressions. For Q i = 1, Q j = Y = 0 the mass difference is plotted in fig. 3 and well approximated by
Bound-state formation at finite temperature
If thermal masses were naive masses, they could kinematically block bound-state formation χχ → BV , when M V ∼ gT is bigger than the binding energy E B ∼ α 2 M χ . However thermal masses are not naive masses. Heuristically, one expects that a plasma cannot block the production of a vector with wave-length shorter than its interaction length. Formally, in thermal field theory cross sections get modified with respect to their leading-order in g by effects suppressed by powers of g/π. Thermal masses are a resummation of a class of such higher order corrections: those that become large at E < ∼ gT . Scatterings at higher order in g can have extra initial state particles, such as V χχ → BV : this means that bound state formation is not blocked by thermal masses. Technically, the same conclusion can be reached in the thermal formalism, by computing the formation rate of bound states B rate as the imaginary part of their propagator Π BB . Cutted diagrams give an integral over thermal vectors: they have 'poles' (that can get kinematically blocked) as well as 'longitudinal'/'holes' and a 'continuum' below the light cone, which indeed corresponds to processes such as V χχ → BV . Formally, the cross section computed ignoring such 'thermal mass' effects is correct at leading order in g. In our cases of interest g ∼ g 3 and g ∼ g 2 are of order one, such that higher order effects cannot be neglected. Given that a full thermal computation is difficult and does not seem to give qualitatively new effects such as kinematical blocking of bound state formation, we compute the χχ → BV cross sections at leading order in g i.e. by ignoring the vector thermal mass M V in the kinematics. We take into account vector masses in the Yukawa potentials. This approximation should be correct up to O(1) thermal corrections, as confirmed by [26] , who finds that thermal corrections are small for g = g 2 and of order unity for g = g 3 .
Applications
We now apply our formalism to the computation of the thermal relic abundance of various models previously studied in the literature. We start with DM candidates with SU(2) quantum numbers, such us Minimal Dark Matter scenarios, where the mass of mediators reduce the impact of bound state formation on the relic abundance. We then move to supersymmetric scenarios with co-annihilation of neutralinos with gluinos or squarks. We finally consider models where a non-abelian gauge interaction dominates the annihilation cross-section.
Minimal Dark Matter fermion triplet (wino)
The first explicit model that we consider is the Minimal DM fermionic triplet [4] , which coincides with a supersymmetric wino in the limit where all other sparticles are much heavier. Once SU(2) L is broken, the conserved quantum numbers are L = 0, S and Q. The potential among the neutral states with spin S = 0 is [3, 4] 
where A = α em /r + α 2 c 2 W e −M Z r /r, B = α 2 e −M W r /r and ∆M is the mass splitting produced by electroweak symmetry breaking, equal to ∆M = 165 MeV at T = 0 (we use the two-loop result [27, 28] ). The charged states with S = 0 have [3, 4] 
Finally, for the states with S = 1 one has
where V S=1 Q=1 differs by a sign from the earlier literature [3, 4] . These potentials allow to compute the Sommerfeld correction, which affects the thermal relic abundance because of the existence of a loosely bound state in the sector with Q = S = 0 and = 0. The cosmological DM Table 1 : Group theory factors for formation of a bound state made of two SU(2) L 3plets (left) or quintuplet (right) with total isospin I J from an initial state with total isospin I J and viceversa. The upper sign refers to I J → I J , the lower sign to I J → I J .
abundance is reproduced for M χ ≈ 2.7 TeV, such that the freeze-out temperature M χ /25 is below the temperature at which SU(2) L gets broken, and the SU(2) L -invariant approximation is not accurate.
Nevertheless it is interesting to discuss the SU(2) L -invariant limit, which clarifies the controversial sign in eq. (82). Ignoring SU(2) L breaking, the DM-DM states formed by two triplets of SU(2) L decompose in the following isospin channels
The two DM fermions can make a state with spin S = 0 or 1. The total wave function must be anti-symmetric under exchange of the two identical DM fermions: taking into account the spin parity (−1) S , the space parity (−1) and the isospin parity (−1)Ĩ where I = 2Ĩ + 1 is the dimension of the representation, only states with (−1) +S+Ĩ = 1 are allowed. Namely, the allowed states are , unlike what assumed in previous literature. Anyhow, this channel is not attractive enough to form a bound state, so that the sign change has a minor impact, as shown by comparing fig. 5a with [3, 4] . The figure also shows the DM abundance as obtained using the simple SU(2) L -invariant approximation, which turns out not to be accurate. In SU(2) L -invariant approximation the Sommerfeld-corrected cross section [29] is obtained by decomposing the total ▲▲▲▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ (2) L fermion triplet, there is only one bound state and the SU(2) L -invariant approximation is not accurate. In the right panel we consider DM as a SU (2) L fermion quintuplet, the bound states are identified as follows:
s-wave annihilation cross-section of eq. (17) into isospin channels:
where S is given by eq. (28) and the pedix on S indicates the value of λ. We renormalise α 2 at the RGE scale M , adopting the value from [30] .
We next consider the contribution of bound states. Eq. (32) tells that a bound state with given n and α eff = λα 2 exists if
where, in the last expression, we inserted the approximated vector mass M W ≈ M Z at zero temperature. This means that only the ground state n = 1, = 0 of the I = 1 configuration is present at M χ = 2.7 TeV, in agreement with the component computation. Thereby, we will consider only such 1s 1 state (where the pedix denotes isospin). Fig. 4a shows its binding energy as function of the temperature for M χ = 2.7 TeV. The fact that the binding energy is small suggests that the Sommerfeld enhancement can be sizeable, and that bound-state formation gives a small correction to the effective annihilation cross section. The only existing bound state has = S = 0 and, in dipole approximation, can only be produced from an initial state with = 1 and S = 0. No such state exists in the case of DM annihilations relevant for indirect DM detection, where the initial state is χ 0 χ 0 , that only exist with even (−1)
+S due to Pauli statistics [9] . In the case of DM annihilations Figure 5 : Thermal relic DM abundance computed taking into account tree-level scatterings (blue curve), adding Sommerfeld corrections (red curve), and adding bound state formation (magenta). We consider DM as a fermion SU(2) L triplet (left panel) and as a fermion quintuplet (right panel). In the first case the SU(2) L -invariant approximation is not good, but it's enough to show that bound states have a negligible impact. In the latter case the SU(2) L -invariant approximation is reasonably good, and adding bound states has a sizeable effect.
relevant for thermal freeze-out, the bound state can be produced by χ + χ − co-annihilations. In the SU(2) L -invariant computation this difference arises because we have isospin as an extra quantum number: the bound state with = 0 and I = 1 can be produced from an initial state with = 1, I = 3. As discussed above, the SU(2) L -invariant approximation is not accurate; nevertheless it suffices to estimate that the bound-state contribution is negligible. Fig. 4a compares the approximated binding energy with the one computed numerically from the full potential of eq. (80). In SU(2) L -invariant approximation the annihilation width is Γ ann = 8α 5 2 M χ , and the production cross section χχ → B 1s 1 γ is given by eq. (51) (with C J = C T = √ 2) times α em /3α 2 to take into account that only the photon can be emitted (thermal masses do not kinematically block the process), given that the non-thermal masses M W,Z are much bigger than the binding energy. Even with this rough (over)estimate, boundstate formation affects the DM relic density by a negligible amount, at the % level. Its effect is not visible in fig. 5 where we show the DM thermal abundance as function of the DM mass.
Minimal Dark Matter fermion quintuplet
We next consider the Minimal DM fermionic quintuplet [4] . The DM-DM states formed by two quintuplets of SU(2) L decompose into the following isospin channels
(87) Figure 6 : Assuming that DM is a fermionic SU(2) L quintuplet, we show its thermally-averaged effective annihilation cross section at tree level in s-wave (horizontal line), adding Sommerfeld corrections (black curve), and the contributions from bound state formation for the bound states listed in eq. (102).
In the limit of unbroken SU(2) L the s-wave annihilation cross-section reads [31] 
where the tree-level cross section of eq. (17) has been decomposed into channels with I = {1, 3, 5} (higher I do not annihilate into SM particles), and the appropriate Sommerfeld factor inserted for each channel. The cosmological DM abundance is reproduced for M χ ≈ 9.3 TeV [31, 32] . Fig. 5b shows that the SU(2) L invariant approximation can be reasonably good. The approximation is exact at T > T cr , which includes the freeze-out temperature. The approximations remains good below the critical temperature because electroweak vector masses are smaller than α eff M χ , and badly fails only at T > ∼ ∆M , when the temperature gets smaller 6 Ref. [4] performed a computation of Sommerfeld effects taking into account the breaking of SU(2) L . In order to reproduce the correct SU(2) L -invariant limit, the non-abelian part of the potential in the sector with total electric charge Q = 1 and spin S = 1 must be changed by a sign that makes it different from the sector with Q = 1, S = 0. Eq. (18) of [4] must be changed into
where A = α em /r + α 2 c 2 W e −M Z r /r and B = α 2 e −M W r /r and ∆M is the mass splitting produced by electroweak symmetry breaking. Namely, the sign of the non-abelian Coulomb potential depends on spin, unlike what assumed in earlier works.
than the mass splittings ∆M ∼ α em M W between neutral and charged DM components and co-annihilations become Bolztmann-suppressed. In this temperature range T > ∼ M 2 W /M χ , such that the Sommerfeld correction is well approximated by its Coulombian limit.
Bound states
In view of the selection rules discussed in the previous section, the allowed configurations are (90) where we have computed the non-abelian effective potential in each isospin channel. Eq. (86) shows that various bound states exist for M χ ∼ 10 TeV. Taking thermal masses and the small dependence on into account, fig. 4b show the binding energies as function of the temperature for M χ = 14 TeV. We consider formation of the 1s I , 2s I and 2p I 'quintonium' bound states in each isospin channel I: 
The possibile initial states that can form each bound state are selected as follows. In dipole approximation the value of the spin quantum number S is conserved and the angular momentum is changed by one unity. Furthermore a vector boson is emitted, such that the initial isospin I in must be I ± 2. This leaves the possible initial states listed in the last column of the above table.
Each contribution to bound state formation is given by the generic formulae in section 4 inserting the group theory factors appropriate for the given SU(2) L representations, as explicitly given in table 1. For example, let us consider the formation of the 1s 1 bound state. The crosssection is given by eq. (51) and (50) with T R = 10, d R = 5, S = 0. Once a bound state is formed, we need to determine its branching ratio into SM particles. For 1s I and 2s I states, they are well approximated by eq. (5). For 2p I states they are given by eq. (6) and well approximated by BR(2p I → 1s I ) × BR(1s I → SM). Fig. 5b shows the DM cosmological abundance as function of its mass M χ . We summed the Sommerfeld-enhanced cross section (computed in SU(2) L components) with the boundstate cross section computed in SU(2) L -invariant approximation. As discussed above, the SU(2) L invariant approximation only holds at T > ∼ ∆M , such that we switch-off the boundstate contribution to the effective annihilation cross section at T < M χ /10 3 (upper border of the magenta band in fig. 5b ) or at T < M χ /10 4 (lower magenta band). We adopted the couplings from [30] and normalized them at M χ when computing annihilation rates, and at the inverse Bohr-radius α 2 M χ when computing potentials.
We find that bound state formation increase by ∼ 40% the effective annihilation cross section defined in eq. (4), leading to a ∼ 20% increase in the value of M χ that reproduces the cosmological DM abundance. After including bound state formation, the cosmological DM abundance is reproduced for M χ ≈ 14 TeV.
Indirect detection
We now investigate the indirect detection prospects of the quintuplet dark matter model. A study of the direct annihilation of quintuplet dark matter leading to W + W − , ZZ, γγ has been performed in [4, 13, 32, 34, 35] , finding that the Sommerfeld enhancement plays a crucial role. Photons resulting from W, Z decays give a continuum photon spectrum, which imply strong constraints if there is a large DM density around the Galactic Center, see fig. 6 of [4] . However the DM density profile is unknown. In fig. 7 we compare the signal with the trustable bound from the diffuse photon spectrum measured by Fermi. We show two bounds: a weaker safe bound obtained by demanding that the DM signal (computed assuming a Burkert density profile) never exceeds the measured spectrum, and a bound stronger by a factor ≈ 10 obtained by subtracting the putative astrophysical background [32] . The continuous curves is
���� ����� �������� �� ����� ������� ����������� ����� ��� ����� Figure 8 : Cross sections for producing a monochromatic photon after bound-state annihilation in the quintuplet model. We consider the contribution of the 1s 3 (left) and 2p 3 (right) bound state. This signal cross section is compared with the bounds from Fermi-LAT, assuming a contracted NFW DM density profile and a 3
• aperture around the galactic center ('R3' region) [33] . The Fermi-LAT limits on the γ-line cross sections have been appropriately rescaled taking into account that one photon with energy smaller that the DM mass is emitted.
the prediction from a component computation [4] , and the dotted curves are obtained from the SU(2) L -symmetric approximation
as well as σ ZZ = σ γγ / tan 4 θ W , σ γZ = 2σ γγ / tan 2 θ W . Here S 6 (S 3 ) are the Sommerfeld factors for the I = 1 and (I = 5) channel: around M ≈ 12 TeV they are enhanced by a zero-energy bound state with n = 4 (n = 3). The formulae above correctly reproduce the peaks of the crosssection associated to zero energy bound states while they miss the dips due to less important Ramsauer-Townsend effect, see [36] .
Eq. (92) is obtained by writing the neutral component of the quintuplet as linear combination of states with given total isospin,
The continuum spectrum of photons resulting from W, Z decays and fragmentations is not the most clean experimental signal, given that astrophysics produce a largely unknown continuum background. A monochromatic gamma line would give a clean signature, but a visible gamma line is not a generic feature of dark matter models [37, 38] . We discuss here the possibility to search for quintuplet dark matter by looking for monochromatic photons emitted in the bound state formation processes χ 0 χ 0 → Bγ.
The χ 0 χ 0 DM state of eq. (93) can only exist with even + S due to Pauli statistics. In the dipole approximation SU(2) L conservation implies that only I = 3 bound states can be formed either from the I = 1 or the I = 5 component of χ 0 χ 0 : the deepest such bound state is 1s 3 , with binding energy E B ≈ 60 GeV(M χ /10 TeV). Therefore only the photon can be emitted in its formation, and consequently only the neutral component of the bound state can be produced from χ 0 χ 0 . The M W,Z masses cannot be neglected when computing the potentials. Then, the cross section for bound state formation is obtained by applying eq.s (49) to the desired single component, rather than summing over all possible components. The final result is
(94) where the first (second) term corresponds to the 1 → 3 (5 → 3) contribution, and the I = 3 bound state B is further identified by its n, quantum numbers, and its spin is S = 1 (0) for even (odd). In this approximation we neglect the splitting between the various components of the multiplet. The above cross section is 2-3 orders of magnitude below (σv rel ) W W , with a similar pattern of Sommerfeld enhancements: thereby the annihilation of the bound state into W W or similar states do nor produce relevant extra effects. The interesting new feature is the monochromatic photon.
We average the cross section assuming that the DM velocity distribution in the galactic rest frame is a Maxwell-Boltzmann with root mean square velocity 220 km/s < v 0 < 270 km/s, cut off by a finite escape velocity 450 km/s < v esc < 650 km/s:
The normalisation constant N is fixed such that d 3 v f (v) = 1. Furthermore we assume that all DM is made of 5plets. We show the velocity-averaged photon capture cross sections in fig. 8 . The signal is below experimental bounds, and in some mass range it is close to the current sensitivity of the Fermi-LAT satellite. Both lines from the 1s 3 and the 2p 3 capture processes appear to be in principle detectable in the future. Additionally, the 2p 3 bound state decays into the 1s 1 and 1s 5 states through emission of a photon, leading to extra gamma lines. In the Coulomb limit their energies are
where λ i = 5 and λ f = (6, 3) for 1s 1 and 1s 5 respectively and Γ 2p 3 →1s 1 +γ /Γ 2p 3 →1s 5 +γ = 0.38. This provides us with a window of opportunity to obtain spectroscopic data about the dark matter in the universe and learn about its gauge interactions. Fig. 9a shows that the extra peaks emerge over the continuum spectrum of photons from DM annihilations. Fig. 9b shows the ratio of the line signal intensities provides information about the dark matter mass. This information can then be confronted with searches for less specific emission of continuum photons at high energies stemming from direct dark matter annihilation.
Neutralino DM co-annihilating with a squark
We next consider neutralino Dark Matter with mass close enough to a squark χ =q such that co-annihilations determine the relic abundance trough the effective cross section of eq. (18) as discussed in section 3.1. The QCD processqq * → gg dominates over weak processes such as→ qq, that we neglect. A squarkq is a scalar colour triplet, and aqq * state decomposes as 3 ⊗ 3 = 1 ⊕ 8. The QCD potential V = −λ i α 3 /r is attractive with λ 1 = 4/3 in the singlet channel, and repulsive with λ 8 = −1/6 in the octet channel. Squarks annihilate into gluons at tree-level in s-wave, and the cross section of eq. (19a) gets Sommerfeld-enhanced as [16] σv rel = 7 27
Bound states can exist in the color singlet channel with S = 0 and any , given that they are made of distinguishable scalars. The lowest lyingqq * bound states (we neglectqq bound states, 
Taking into account the gluon thermal mass, and renormalizing the strong coupling at the inverse Bohr radius, we find that the 1s 1 bound state exists around the freeze-out temperature, see eq. (73). All other states only form at much lower temperatures, as shown in fig. 10a . Even the binding energy of the 1s 1 state gets significantly reduced by the gluon thermal mass, indicating that the Coulomb approximation is not accurate. We used the approximation described in section 4.5. The Clebsh-Gordon factors for bound-state formation are listed in table 2a. Fig. 11a shows the contribution of bound states to the total co-annihilation rate. The contribution of the 1s 1 state is accidentally suppressed because of a cancellation with the non-abelian contribution to gluon emission (last diagram in fig. 2 ), The 2s 1 state gives an order one reduction in the DM relic density, but only at T ∼ Λ QCD , when non-perturbative effects invalidate our computation. We find that including bound states has a moderate impact on the DM relic density.
Furthermore, so far we have ignored the possibility thatq can decay, implicitly assuming that its life-time is long enough. To conclude, we discuss what 'long enough' means and whether this assumption is plausible. A squark can decay into a neutralino DM and a quark, with rate
This new effect can be taken into account by the density-matrix formalism of eq. (75), which can be conveniently approximated by adding a stochastic term to the Schroedinger equation (23) , represented by a non-unitary Γ term in the Hamiltonian [23] , such that Figure 11 : Thermally-averaged effective co-annihilation cross section at tree level in s-wave (horizontal line), adding Sommerfeld corrections (black curve), and the contributions from bound state formation for the bound states listed in eq. (104).
As can be understood also from the uncertainty relation ∆E ∆t > 1, bound states only exist if the decay width Γ is smaller than the binding energy E B ∼ α 2 3 M χ . This is satisfied only if the squark decay width of eq. (99) is strongly suppressed by the phase space. Such kinematical suppression can reasonably happen if the squark is a stopt [39] , such that its tree-level decays into a top quark is kinematically blocked if Mt−M χ < M t , allowing for a ∼ 5% non-degeneration around M χ ∼ 3 TeV. Furthermore, at finite temperature this degeneracy gets broken by thermal corrections to the Higgs vev and to the squark mass ∆M T ∼ g 2 3 T 2 /M χ , which effectively account for scatterings such as gq → χq that never get kinematically blocked, giving rise to a thermalq width Γ ∼ α 3 α 1 T 3 /M 2 χ . Such effects can be neglected at the decoupling temperature T dec ∼ M χ /25.
Neutralino DM co-annihilating with a gluino
We next consider neutralino Dark Matter with mass close enough to a gluinog such that coannihilations determine the relic abundance through the effective cross section of eq. (18) . The product of two color octets decomposes as
Each channel experiences the following potentials The colored bands represent the regions in the plane of mass splitting between the colored partnter (gluino/squark) and the dark matter (neutralino) in which the correct relic abundance is reproduced within three standard deviations. The computation has been performed at tree-level (blue), taking into account Sommerfeld enhancement (red) and bound state formation (magenta). In the latter case, the tail at large M and small ∆M ∼ Λ QCD is due to QCD effects enhanced by confinement, and more in general by the large value of the strong coupling, following [40] .
where on the last column we listed the bound states supported in the attractive channels. The symmetric channels can annihilate into two gluons at tree level, and the 8 A channel can annihilate into quarks: the Sommerfeld-corrected s-wave annihilation cross-section is [16] σv rel = 27 32 σ 0 1 6
where the first (second) term comes from annihilations into gluons (quarks). Furthermore, around the freeze-out temperature two (one) bound state in the singlet (octet) channel exist, as illustrated in fig. 10b , which takes the gluon thermal mass into account. We assume that gluino decay is slow enough, Γg E B , that gluino bound states can form. Furthermore, we assume that the gluino and DM are kept in relative equilibrium. If DM is a bino, these assumptions are satisfied by having relatively heavy squarks. Gluino bound states have been considered in [8, 10] where the gluon thermal mass was neglected and only the singlet bound states with n = 1 was included. Furthermore, we include the non-abelian contribution to bound-state formation (latter diagram in fig. 2 ), whose effect is described by the C T contribution in table 2b, and our C J differs by a factor 1/ √ 2.
At zero temperature the lowest lying bound states are: Fig. 11b shows how each bound state contributes to the effective annihilation cross section, and fig. 12b shows how the resulting DM abundance gets affected. We find a moderate shift of the regions where the thermal abundance reproduces the cosmological DM abundance. The largest effect arises when Mg − M χ is small, such that formation of 2p bound states from s-wave free states become sizeable at low temperatures.
Conclusions
In the first part of the paper we presented generic expressions and tools for computing nonabelian bound state formation. We specialised these formulae to an unbroken gauge group, such that a significant simplification over a component computation is obtained making use of group algebra. We applied these results to study how formation of bound states of two Dark Matter particle decrease their thermal abundance, in various concrete DM models.
1. In section 7.1 we assumed that Dark Matter is a fermionic 3plet of SU(2) L with zero hypercharge, for example a supersymmetric wino. We find that the SU(2) L -invariant approximation is only qualitatively accurate. Nevertheless it is enough to establish that bound states have a negligible impact, at the % level, on the thermal relic DM abundance. Furthermore, it shows that the non-abelian Coulomb energy depends on total spin, unlike what assumed in previous computations: we thereby repeat a component computation with the correct signs, and including thermal corrections to the weak mass splitting between charged and neutral components of the DM multiplet.
2. In section 7.2 we assumed that Dark Matter is an automatically stable fermionic 5plet of SU(2) L with zero hypercharge. We found that 'quintonium' bound states reduce the DM thermal abundance by about 30%, increasing the DM mass that reproduces the cosmological abundance to about 14 TeV. We also considered bound-state corrections to DM indirect detection, finding that the 5-plet predicts a characteristic spectrum of mono-chromatic γ lines around E γ ∼ (10 − 80) GeV, with rates of experimental interest.
3. In section 7.3 we have considered Dark Matter co-annihilating with a scalar color triplet, a squark in supersymmetric models, finding that bound state give a mild shift in the thermal relic density.
4. In section 7.4 we have considered Dark Matter co-annihilating with a fermionic color octet, a gluino in supersymmetric models, improving the results of [8] by taking into account thermal masses and bound-state formation with gluon emission form gluons, as depicted in the last diagram of fig. 2 . Bound state formation gives a significant correction to the thermal relic DM density.
We think that our results should be improved along two lines. First, concerning the weak 5plet, a computation in components will be needed for a precision computation that takes into account that SU(2) L is broken. Second, we have taken into account thermal masses, and assumed that they do not kinematically block bound-state formation for the reasons discussed in section 6.2. While we expect this to be a reasonable approximation, a careful study of thermal effects, possibly along the lines of [26] , will be needed to achieve a more precise result.
A Wave functions in a potential mediated by a vector
In this appendix we collect the relevant formulas used throughout the paper. If the vector is massless, the radial wave functions of a bound state in the Coulomb potential are 
where a 0 = 2/α eff M χ is the Bohr radius and L are Laguerre polynomials. If the vector has mass M V , an analytic solution is obtained approximating the Yukawa potential with a Hulthen potential
The radial wave functions of bound states in the Hulthen potential are R n (r) = N n e −rκM V q n (1 − e −rκM V ) +1 r P 2q n ,1+2 n− −1
where q n = M χ E n /κM V , N n is the normalization factor such that dr r 2 R n R n = δ nn , and P are the Jacobi polynomials 7 which equal unity for = n − 1. For = 0 one has q n0 = 1 − n 2 y 2ny , N n0 = κM V 1 − n 4 y 2 2y 3 n 5 .
7 Implemented in Mathematica as P In particular, the ground-state wave function is R 10 (r) = κM V 1 − y 2 2y 3 e −rκM V q 10 1 − e −rκM V r .
The normalisation factor for = 1 is N n1 = N n0 (1 − n 2 y 2 )/(n 2 − 1)n 2 y 2 .
The normalized radial wave function of a free state in the Hulthen potantial is [18, 9] R (r) = 4π 2 + 1 (1 − e −κM V r ) +1 M χ r e −iMχv rel r/2 2 F 1 (a − , a + , 2( + 1), 1 − e −κM V r )×
where S is the Sommerfeld factor for = 0 given in eq. (28), F is the hypergeometric function 8 and its arguments are
The function R (r) is real, and in the limit α eff = 0 it reproduces the free partial wave expansion e i r· p = i R (r)Y 0 (θ) where R (r) = 4π(2 + 1)i j (pr). Here θ is the angle between r and p, p = M χ v rel /2 and j are spherical Bessel functions j (z) = π/2zJ +1/2 (z) (equal to j 0 (z) sin(z)/z for large z). Furthermore, in the massless limit M V = 0, R reproduces the Coulomb partial wave expansion Such analytic solution of the wave function for the Hulthen potential is only exact if = 0. If is not zero, an extra approximation for the centrifugal term is needed, such that the behaviour at large r becomes only approximate. This is not a problem for the bound state wave function, as it is exponentially suppressed at large r. However, for the free state this approximation leads to unphysical results that become relevant in the case of bound state production from a p-wave and d-wave partial waves. In order to correct for this inaccuracy we multiply the resulting cross sections, as was suggested in [18] by
This function is controlled by the critical momentum M V so that, once the momentum of the dark matter particles drops below the mediator mass, the production cross sections from higher states are suppressed.
